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Routh’s Stability Criterion 

Routh’s stability criterion tells us whether or not there are unstable roots in a polynomial equation 

without actually solving for them. This stability criterion applies to polynomials with only a finite 

number of terms. When the criterion is applied to a control system, information about absolute 

stability can be obtained directly from the coefficients of the characteristic equation. 

The procedure in Routh’s stability criterion is as follows: 

1. Write the polynomial in 𝑠 in the following form: 

                                                (1) 

where the coefficients are real quantities. We assume that an 𝑎𝑛 ≠ 0 ; that is, any zero root has 

been removed. 

2. If any of the coefficients are zero or negative in the presence of at least one positive coefficient, 

a root or roots exist that are imaginary or that have positive real parts. Therefore, in such a 

case, the system is not stable. If we are interested in only the absolute stability, there is no need 

to follow the procedure further. Note that all the coefficients must be positive. This is a 

necessary condition, as may be seen from the following argument:  

A polynomial in s having real coefficients can always be factored into linear and quadratic 

factors, such as (𝑠 + 𝑎) and (𝑠2 + 𝑏𝑠 + 𝑐), where 𝑎, 𝑏, and 𝑐 are real. The linear factors yield 

real roots and the quadratic factors yield complex-conjugate roots of the polynomial. The 

factor (𝑠2 + 𝑏𝑠 + 𝑐),  yields roots having negative real parts only if b and c are both positive. 

For all roots to have negative real parts, the constants 𝑎, 𝑏, 𝑐, and so on, in all factors must be 

positive. The product of any number of linear and quadratic factors containing only positive 

coefficients always yields a polynomial with positive coefficients. It is important to note that the 

condition that all the coefficients be positive is not sufficient to assure stability. The necessary but 

not sufficient condition for stability is that the coefficients of Eq. (1) all be present and all have a 

positive sign. (If all 𝑎’𝑠 are negative, they can be made positive by multiplying both sides of the 

equation by – 1.) 
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3. If all coefficients are positive, arrange the coefficients of the polynomial in rows and columns 

according to the following pattern: 

 

The process of forming rows continues until we run out of elements. (The total number of rows 

is 𝑛 + 1.) The coefficients 𝑏1, 𝑏2, 𝑏3 , and so on, are evaluated as follows: 

 

The evaluation of the 𝑏’𝑠 is continued until the remaining ones are all zero. The same pattern of 

cross-multiplying the coefficients of the two previous rows is followed in evaluating the  

𝑐’𝑠, 𝑑’𝑠, 𝑒’𝑠, and so on. That is, 
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And  

 

This process is continued until the nth row has been completed. The complete array of coefficients 

is triangular. Note that in developing the array an entire row may be divided or multiplied by a 

positive number in order to simplify the subsequent numerical calculation without altering the 

stability conclusion. 

Routh’s stability criterion states that the number of roots of Eq. (1) with positive real parts are 

equal to the number of changes in sign of the coefficients of the first column of the array. It should 

be noted that the exact values of the terms in the first column need not be known; instead, only the 

signs are needed. The necessary and sufficient condition that all roots of Eq. (1) lie in the left-half 

s plane is that all the coefficients of Eq. (1) be positive and all terms in the first column of the array 

have positive signs. 
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Example 1: Let us apply Routh’s stability criterion to the following third-order polynomial: 

where all the coefficients are positive numbers.  

The array of coefficients becomes  

 

The condition that all roots have negative real parts is given by 

 

 

Example 2: Consider the following polynomial: 

 

Let us follow the procedure just presented and construct the array of coefficients. (The first two 

rows can be obtained directly from the given polynomial. The remaining terms are obtained from 

these. If any coefficients are missing, they may be replaced by zeros in the array.) 

 

               

 

In this example, the number of changes in sign of the coefficients in the first column is 2. This 

means that there are two roots with positive real parts. Note that the result is unchanged when the 

coefficients of any row are multiplied or divided by a positive number in order to simplify the 

computation. 
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Special Cases 

If a first-column term in any row is zero, but the remaining terms are not zero or there is no 

remaining term, then the zero term is replaced by a very small positive number 𝝐 and the rest of 

the array is evaluated.  

For example, consider the following equation: 

                                                                          (2) 

The array of coefficients is 

                         

If the sign of the coefficient above the zero (𝜖) is the same as that below it, it indicates that there 

are a pair of imaginary roots. Actually, Eq. (2) has two roots at 𝑠 = ±𝑗 . 

If, however, the sign of the coefficient above the zero (𝜖) is opposite that below it, it indicates that 

there is one sign change.  

For example, for the equation  

                       

 

the array of coefficients is 

                          

There are two sign changes of the coefficients in the first column. So there are two roots in the 

right-half s plane. This agrees with the correct result indicated by the factored form of the 

polynomial equation. 
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Application of Routh’s Stability Criterion to Control-System Analysis 

Routh’s stability criterion is of limited usefulness in linear control-system analysis, mainly because 

it does not suggest how to improve relative stability or how to stabilize an unstable system. It is 

possible, however, to determine the effects of changing one or two parameters of a system by 

examining the values that cause instability. In the following, we shall consider the problem of 

determining the stability range of a parameter value. 

Consider the system shown in Figure 5–35. Let us determine the range of 𝐾 for stability. The 

closed-loop transfer function is 

 

The characteristic equation is 

                               

The array of coefficients becomes 

                               

 

 

For stability, 𝐾 must be positive, and all coefficients in the first column must be positive. 

Therefore, When the system becomes oscillatory and, mathematically, the oscillation is sustained 

at constant amplitude. 

Note that the ranges of design parameters that lead to stability may be determined by use of Routh’s 

stability criterion. 

 

 


