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Chapter two
Functions

2-1- Exponential and Logarithm functions :
         Exponential functions : If a  is a positive number and  x  is any number , 

we define the exponential function as :
                          y = ax        with   domain :   -∞ < x < ∞ 
                                                     Range :    y > 0
      
   The properties of the exponential functions are :

1. If  a > 0 ↔  ax > 0 .
2. ax . ay = ax + y  .
3. ax / ay = ax - y  .
4. ( ax )y =  ax.y  .
5. ( a . b )x = ax . bx .

6. xyy xy
x

)a(aa  .
7. a-x = 1 / ax  and  ax = 1 / a-x  .
8. ax = ay    ↔   x = y .
9. a0 = 1 ,

     a∞ = ∞  , a-∞ = 0   ,  where  a > 1 .
     a∞ = 0  , a-∞ = ∞   ,  where  a < 1 .
The graph of the exponential function  y = ax  is :

Logarithm function :  If a  is any positive number other than  1 , then 
the logarithm of  x  to the base a  denoted by :
                            y = logax         where   x > 0 
At  a = e = 2.7182828… ,  we get the natural logarithm and denoted by :           

y = ln x
Let x , y > 0 then the properties of logarithm functions are : 
1.  y = ax  ↔  x = logay   and   y = ex  ↔   x = ln y .
2.  logex = ln x .
3.  logax = ln x / ln a  .
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4.  ln (x.y) = ln x + ln y  .
5.  ln ( x / y ) = ln x – ln y  .
6.   ln xn = n. ln x  .
7.  ln e = logaa = 1 and   ln 1 = loga1 = 0  .
8.  ax = ex. ln a  .
9.  eln x = x  .

The graph of the function  y = ln x   is :
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Application of exponential and logarithm functions : 
We take Newton's law of cooling :
                       T – TS = ( T0 – TS ) et k        
                          where T is the temperature of the object at time t .
                                    TS  is the surrounding temperature .
                                        T0  is the initial temperature of the object .
                                         k   is a constant .

EX-1- The temperature of an ingot of metal is 80 oC and the room 
temperature is 20 oC . After twenty minutes, it was 70 oC .

a) What is the temperature will the metal be after 30 minutes?
b) What is the temperature will the metal be after two hours?
c) When will the metal be 30 oC?

Sol. : 
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2-2- Trigonometric functions : When an angle of measure θ  is placed in 
standard position at the center of a circle of radius r , the trigonometric 
functions of θ  are defined by the equations :
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The following are some properties of these functions :
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θ 0 Π / 6 Π / 4 Π / 3 Π / 2 Π
Sinθ 0 1/2 1/√2 √3/2 1 0
Cosθ 1 √3/2 1/√2 1/2 0 -1
tanθ 0 1/√2 1 √3 ∞ 0

Graphs of the trigonometric functions are :
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EX-2 - Solve the following equations , for values of θ from 0o to 360o

inclusive . 
a)    tan θ = 2 Sin θ              b) 1 + Cos θ = 2 Sin2 θ

Sol.-
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Therefore the required values of  θ are 0o,60o,180o,300o,360o .
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There the roots of the equation between 0o  and  360o are 60o,180o

and 300o .

,......3,2,1,0nWhere 



٨

EX-3- If tan θ = 7/24,  find without using tables the values of  Secθ and Sinθ.    
Sol.-
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EX-4- Prove the following identities :
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EX-5- Simplify Csc.axwhen
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EX-6-  Eliminate θ from the equations :
         i)  x = a Sinθ   and  y = b tanθ
        ii)  x = 2 Secθ   and  y = Cos2θ
Sol.-
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EX-7- If tan2θ – 2 tan2β = 1  , show that 2 Cos2θ – Cos2β = 0 .
Sol. –
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EX-8-  If a Sinθ = p – b Cosθ   and  b Sinθ = q + a Cosθ .Show that :
a2 +b2 = p2 +q2

Sol.-
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EX-9- If Sin A = 4 / 5  and  Cos B = 12 / 13  ,where A  is obtuse and B  is 
acute . Find , without tables , the values of :
a)  Sin ( A – B )      ,    b)  tan ( A – B )      ,     c)  tan ( A + B ) . 
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EX-10 – Prove the following identities:
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EX-11 – Find , without using tables , the values of Sin 2θ and Cos 2θ, when: 
a) Sinθ = 3 / 5    ,    b)  Cos θ = 12/13    ,    c)   Sin θ = -√3 / 2   .
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EX-12- Solve the following equations for values of θ from 0o to 360o

inclusive:
a)  Cos 2θ + Cos θ + 1 = 0    ,      b)  4 tan θ . tan 2θ = 1
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2-3- The inverse trigonometric functions :  The inverse trigonometric 
functions arise in problems that require finding angles from side 
measurements in triangles :
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The following are some properties of the inverse trigonometric 
functions :
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EX-13- Given that 
2

3
Sin 1   , find :

 Cot,and,tan,Sec,Cos,Csc

Sol.-

3

1
Cot,3tan,2Sec,

2

1
Cos,

3

2
Csc

134r
y

x

2

3
Sin

2

3
Sin 1



 





EX-14 – Evaluate the following expressions :
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EX-15-  Prove that :
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x

1
CosxSec)a 1111  

Sol.

  

xSin)x(Sin)x(Siny

Sinyx)y(SinxxSinyLet)b
x

1
CosxSec

x

1
Cosy

Cosy

1
xSecyxxSecyLet)a

111

1

111

1
















٢

١

3
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2-4- Hyperbolic functions : Hyperbolic functions are used to describe 
the motions of waves in elastic solids ; the shapes of electric power lines 
; temperature distributions in metal fins that cool pipes …etc.

The hyperbolic sine (Sinh) and hyperbolic cosine (Cosh) are defined 
by the following equations :

1uCschuCothand1uSechutanh.5

1uSinhuCosh.4
ee

2

Sinhu

1
Cschuand

ee

2

Coshu

1
Sechu.3

ee

ee

Sinhu

Coshu
Cothuand

ee

ee

Coshu

Sinhu
utanh.2

)ee(
2

1
Coshuand)ee(

2

1
Sinhu.1

2222

22

uuuu

uu

uu

uu

uu

uuuu

































    

Sinhy.SinhxCoshy.Coshx)yx(Cosh.10

Sinhy.CoshxCoshy.Sinhx)yx(Sinh.9

00Sinhand10Cosh.8

Sinhu)u(SinhandCoshu)u(Cosh.7

eSinhuCoshuandeSinhuCoshu.6 uu







 

2

1x2Cosh
xSinhand

2

1x2Cosh
xCosh.13

xSinhxCoshx2Cosh.12

Coshx.Sinhx.2x2Sinh.11

22

22










y=Sinhx

y=Cschx

y=Cschx 0
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0

0

0

1

1

1

1

0y:Rand0x:DCschxy

1y0:Randx:DSechxy

1yor1y:Rand0x:DCothxy

1y1:Randx:Dxtanhy

1y:Randx:DCoshxy

y:Randx:DSinhxy

yx

yx

yx

yx

yx

yx










EX-16- Let tanh u = - 7 / 25  , determine the values of the remaining five 
hyperbolic functions .

Sol.-

1

-1

y=tanhx

y=Cothx

0

y=Cothx

1

y=Coshx

0  

y=Sechx

y
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7

24

Sinhu

1
Cschu

24

7
Sinhu

24

25
Sinhu

25

7

Coshu

Sinhu
utanh

24

25

Sechu

1
Coshu

25

24
Sechu1uSech

625

49
1uSechutanh

7

25

utanh

1
Cothu

222











EX-17- Rewrite the following expressions in terms of exponentials . 
Write the final result as simply as you can :

4)CoshxSinhx()dx5Sinhx5Cosh)c

)xtanh(ln)b)x(lnCosh2)a


Sol.-

x4

4xxxx
4

x5
x5x5x5x5

2

2

xlnxln

xlnxln

xlnxln

e
2

ee

2

ee
)CoshxSinhx()d

e
2

ee

2

ee
x5Sinhx5Cosh)c

1x

1x

x

1
x

x

1
x

ee

ee
)xtanh(ln)b

x

1
x

2

ee
.2)x(lnCosh2)a








 










































EX-18- Solve the equation for x  :   Cosh x = Sinh x + 1 / 2 .

Sol. -  2lnx2ln1lnx
2

1
e

2

1
SinhxCoshx x  

EX-19 – Verify the following identity :
a) Sinh(u+v)=Sinh u. Cosh v + Cosh u.Sinh v
b) then verify Sinh(u-v)=Sinh u. Cosh v - Cosh u.Sinh v

Sol.-  
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.S.H.RSinhv.CoshuCoshv.Sinhu

)v(Sinh.Coshu)v(Cosh.Sinhu))v(u(Sinh.S.H.L)b

.S.H.L)vu(Sinh
2

ee
2

ee

2

ee

2

ee
.

2

ee
Sinhv.CoshuCoshv.Sinhu.S.H.R)a

)vu(vu

vvuuvvuu





















EX-20 – Verify the following identities :

 

 

vCoshuCoshvSinhuSinh)d

uSinh4Sinhu3Sinhu.uCosh3uSinhu3Sinh)c

)vu(Cosh)vu(Cosh
2

1
Coshv.Coshu)b

)vu(Sinh)vu(Sinh
2

1
Coshv.Sinhu)a

2222

323








Sol. –

 

 

 

 

.S.H.RvCoshuCosh

)1vCosh(1uCoshvSinhuSinh.S.H.L)d

)II.(S.H.RuSinh4Sinhu3uSinh)uSinh1.(Sinhu3

)I.(S.H.RuSinhuCosh.Sinhu3

Sinhu).uSinhuCosh(Coshu.Coshu.Sinhu2

Sinhu.u2CoshCoshu.u2Sinh)uu2(Sinh.S.H.L)c

.S.H.LCoshv.Coshu

Sinhv.SinhuCoshv.CoshuSinhv.SinhuCoshv.Coshu
2
1

)vu(Cosh)vu(Cosh
2
1

.S.H.R)b

.S.H.LCoshv.Sinhu

Sinhv.CoshuCoshv.SinhuSinhv.CoshuCoshv.Sinhu
2

1

)vu(Sinh)vu(Sinh
2

1
.S.H.R)a

22

2222

332

32

22






















2-5- Inverse hyperbolic functions : All hyperbolic functions have 
inverses that are useful in integration and interesting as differentiable 
functions in their own right .
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y:R

x:DxSinhy

y

x
1


 

0y:R

1x:DxCoshy

y

x
1


 

1  0  

١  -١
-1 ١

0y:R

1xor1x:DxCothy

y

x
1


 

y:yR

1x1:xDx1tanhy




  

١

0y:R

1x0:DxSechy

y

x
1


 

0y:R

0x:DxCschy

y

x
1


 
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Some useful identities :

x

1
Sinh

x

1x

x

1
lnxCsch.6

x

1
Cosh

x

x11
lnxSech.5

x

1
tanh

1x

1x
ln.

2

1
xCoth.4

x1

x1
ln.

2

1
xtanh.3

)1xxln(xCosh.2

)1xxln(xSinh.1

1
2

1

1
2

1

11

1

21

21






















 











 































EX-21 -  Derive the formula :

)1xxln(xSinh 21 

Sol.-

)1xxln(yor

01xxcesinneglected)1xxln(yeither

1xxe
2

4x4x2
e

01e.x2e
e2

1e
x

2

ee
SinhyxxSinhyLet

2

22

2y
2

y

yy2

y

y2yy
1






















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Problems – 2

1. A body of unknown temperature was placed in a room that was held at 
30o F . After 10 minutes , the body's temperature was 0oF , and 20
minutes after the body was placed in the room the body's temperature 
15oF . Use Newton's law of cooling to estimate the body's initial 
temperature .                                                                          (ans.:-30oF)

2. A pan of warm water 46oC was put in a refrigerator . Ten minutes later , 
the water's temperature was 39oC , 10 minutes after that , it was 33oC . 
Use Newton's law of cooling to estimate how cold the refrigerator was ?

                                                                                                        (ans.:-3oC)

3. Solve the following equations for values of θ from -180o to 180o inclusive:
i) tan2θ + tan θ = 0                         ii) Cot θ= 5 Cos θ
iii) 3 Cos θ + 2 Sec θ + 7 = 0          iv) Cos2θ + Sin θ + 1 = 0
(ans.:i)-180,-45,0,135,180; ii)-90,11.5,90,168.5; iii)-109.5,109.5; iv)-90)  

4. Solve the following equations for values of θ from 0o to 360o inclusive:
i) 3 Cos 2θ – Sin θ + 2 = 0               ii)  3 tan θ = tan 2θ
iii) Sin 2θ. Cos θ + Sin2θ = 1           iv)  3 Cot 2θ + Cot θ = 1
(ans.:i)56.4,123.6,270; ii)0,30,150,180,210,330,360; iii)30,90,150,270; 

iv)45,121,225,301)

5. If Sin θ = 3/ 5 , find without using tables the values of :
i) Cos θ          ii) tan θ                                                (ans.: i) 4/5 ; ii) 3/4 )

6. Find, without using tables, the values of Cos x and Sin x , when Cos 2x is :
a) 1/8    , b) 7/25   ,  c) -119/169      

)
13
12

,
13
5

)c;
5
3

,
5
4

)b;
4
7

,
4
3

)a:.ans( 

7. If Sin A = 3/5 and Sin B = 5/13 , where A and B are acute angles , find 
without using tables , the values of :
a) Sin(A+B) ,  b) Cos(A+B)  ,  c) Cot(A+B)      (ans.: 56/65; 33/65; 33/56) 

8. If tan A = -1/7  and tan B = 3/4 , where A is obtuse and B is acute , find 
without using tables the value of  A – B  .                                    (ans.: 135 )

9.Prove the following identities :
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Btan
)BA(Sin)BA(Sin

)BA(Cos)BA(Cos
)v

SinSec

Costan
SinSec)iv

)tanSec(
Sin1

Sin1
)iii

CosSec)Sec1(Sin)ii

Csc.SecCscSec)i

22

2

2222

2222




























 
hSinxCos

hSin.xtan
xtan)hxtan()hxtan(

2

1
)viii

Ctan.Btan.AtanCtanBtanAtan

:thatshow,triangleaofanglesareC,B,AIf
Btan.AtanAtan.CtanCtan.Btan1

Ctan.Btan.AtanCtanBtanAtan
)CBAtan()vii

)BA(Sin.SinA)BA(Cos.CosACosB)vi

22

2













Atan31

AtanAtan3
A3tan)xiii

A4Sin3A3Sin.ACos4A3Cos.ASin4)xii

)34Cos(
4

1
CosSin)xi

A2tan
1A2CosA4Cos

A2SinA4Sin
)x

x2Cos1

x2Cos1
xtan)ix

2

3

33

44





















Sinhv.SinhuCoshv.Coshu)vu(Cosh

verifythenand

Sinhv.SinhuCoshv.Coshu)vu(Cosh)xvi

xtan
2

xCot)xv

xCos)x(Cos)xiv
11

11















 

 

SinhnxCoshnx)SinhxCoshx()xx

Coshu3uCosh4Coshu.uSinh4Coshuu3Cosh)xix

)vu(Cosh)vu(Cosh
2

1
Sinhv.Sinhu)xviii

)vu(Sinh)vu(Sinh
2

1
Sinhv.Coshu)xvii

n

32








10. If 



Cos

Sin1
u


 , prove that 




Cos

Sin1

u

1 
 and deduce formula for Sinθ , 

Cosθ , tanθ  in terms of u.    (ans.:(u2-1)/(u2+1); 2u/(u2+1);(u2-1)/(u2+1))
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11. If )x(Cos2)x(Sin   ; prove that : 



tan21

tan2
xtan




 .

12. If )x(Cos)x(Sin   ; prove that : 1xtan  .

13. If  2SinSinyand2CosCosx  . Show that :




4Sin3Sin22Sinxy2)ii

4Cos3Cos22Cosyx)i 22




14. If 2CosB2Cos.A2Cos  , prove that :
22222 SinBSin.ACosBCos.ASin 

15. If S = Sin θ  and  C = Cos θ , simplify :

       
C

S

S

C
)iii,

C1.C

S1.S
)ii,

S1

C.S
)i

2

2

2







                                                                   (ans.:i) Sinθ; ii)1; iii) Secθ.Cscθ)

16. Eliminate θ from the following equations :







2tanyandtanx)iv

tanSinyandtanSinx)iii

CosSinyandCosSinx)ii

Sec.byandCsc.ax)i







        )
x1

x2
y)iv;1

)yx(

4

)yx(

4
)iii;2yx)ii;1

y

b

x

a
)i:.ans(

222

22

2

2

2

2










17. In the acute – angled triangle OPQ , the altitude OR makes angles A and 
B with OP and OQ . Show by means of areas that if OP=q , OQ=p , 
OR=r : p.q.Sin(A+B) = q.r.SinA + p.r. SinB.

18. Given that 
2

1
Sin 1 , find Cosα , tanα , Secα , and Cscα.

                                                                                 )2;
3

2
;

3

1
;

2

3
:.ans(

19. Evaluate the following expressions :
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)
6

Sin(Cos)f)8.0Sin(Cos)e

)1(Sin1Sin)d)0Cos(Cot)c

)2Sec(Csc)b)
2

1
Cos(Sin)a

11

111

11











)3/2;6.0;;0;3/2;2/1:.ans( 

20. Find the angle α  in the below graph ( Hint : α+β = 65o ) :

                                      (ans.: 42.2)

21. Let Sech u = 3/5 , determine the values of the remaining five hyperbolic 
functions .

      )4/3Cschu;4/5Cothu;5/4utanh;3/4Sinhu;3/5Coshu:.ans(  

22. Rewrite the following expressions in terms of exponentials , write the 
final result as simply as you can :

)SinhxCoshxln()SinhxCoshxln()dx3Sinhx3Cosh)c
SinhxCoshx

1
)b)xln.2(Sinh)a




                                                                       (ans.:(x4-1)/(2x2); ex ; e--3x ; 0 )

23. Solve the equation for x ; tanh x = 3/5  .                                 (ans.: ln 2 )

24. Show that the distance  r from the origin O to the point P(Coshu,Sinhu)
on the hyperbola x2 – y2 = 1 is u2Coshr  .

25. If θ lies in the interval 
22





 and Sinh x = tan θ . Show that : 

Cosh x = Sec θ  ,  tanh x =Sin θ  ,  Coth x = Csc θ  , Csch x = Cot θ , and 
Sech x = Cos θ . 

26. Derive the formula : 1x;
x1

x1
ln

2

1
xtanh 1 






27. Find :  xlnxCoshlim 1

x



.                                                     (ans.: ln 2 )           

α

65o

٥٠  
٢١

β
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